Abstract. In this paper, we study Riemannian functionals defined by L 2 -norms of Ricci curvature, scalar curvature, Weyl curvature, and Riemannian curvature. We try to understand stability of their critical points that are products of Einstein metrics. In particular, we prove that the product of a spherical space form and a compact hyperbolic manifold is unstable for some quadratic functionals if the first eigenvalue of the Laplacian of the hyperbolic manifold is sufficiently small.
Definition 1. Let (M, g) be a closed Riemannian manifold which is not the standard sphere. If g is a critical metric of a Riemannian functional F then g is called stable for F if there exists a constant C > 0 such that
2 for all h ∈ {f g : f ∈ C ∞ M and
where H F denotes the Hessian of F at g.
Riemannian functionals and their critical points have been topics of interest both in Riemannian geometry and Physics. A complete classification of irreducible symmetric spaces of compact type as stable critical points of the total scalar curvature functional is available due to N. Koiso (see [9] , [10] , [11] ). Stability of compact quotients of rank one symmetric spaces of non-compact type for the L n 2 -norm of scalar curvature was proved by Besson, Courtois and Gallois ( [2] ). In [7] Gursky and Viaclovsky studied rigidity and stability of Einstein metrics for the functional defined as F t (g) = Ric(g) + tS(g), for t ∈ R.
In this paper, we focus on understanding stability of products of closed Einstein manifolds as critical points of quadratic curvature functionals as mentioned above.
Let (M, g) be the product of closed Einstein manifolds (M 1 , g 1 ) and (M 2 , g 2 ) with respective Einstein constants λ 1 and λ 2 . Then (M, g) is a critical point of Ric if and only if |λ 1 | = |λ 2 |. This condition is always achieved after suitable rescaling of g 1 or g 2 , provided λ 1 , λ 2 = 0. We study stability of Ric at such a critical point (M, g). 
If (M 0 , g 0 ) and (M 1 , g 1 ) are stable for Ric, then we prove that H Ric restricted to TT-tensors on M satisfies the condition for stability stated in 1.2. Consequently, we have the following theorem. For instance, the sphere (S n ) and complex projective space (CP n ) with standart metrics are stable for Ric [7] . A compact hyperbolic manifold n is stable for Ric if, the first eigenvalue of the laplacian µ > 2(n−4)(n−1) n (see Remark 7.4, [7] ). We prove a similar stability criterion for product of Einstein metrics as critical points of F t (see Theorem 7 for details) which in particular, generalizes Theorem 1.11 in [7] . The quadratic functional W 2 defined by L 2 -norm of Weyl curvature W is equivalent to F − 1 3 in dimension 4. Therefore rigidity or stability of F − 1 3 implies rigidity or stability of Bach flat metrics in this case [7] . More generally locally conformally flat metrics are global minima for L p -norms of Weyl curvature W for any p ≥ 2. Topology of locally conformally flat manifolds with various curvature conditions has been studied in [14] , [15] , [4] . In light of Theorem 1 and 2 it is interesting to study rigidity of conformally flat metrics for the conformally invariant Riemannian functional defined by
) be a closed manifold with dimension n ≥ 6. If the Riemannian universal cover of (M, g) is the product of a sphere S k and a hyperbolic space
Consequently, (M, g) is a strict local minimizer for W n 2 as described in [7] . Stability of S p × S q and CP n for W n 2 has been studied in [8] , [6] , [5] . From the proof of Theorem 2 and 4 we conclude the following. (i) n ∈ {3, 4} (ii) n ≥ and µ > (n − 1)(n − 4).
where µ is the first eigenvalue of the laplacian of H n .
Recently, stability of rank 1 symmetric spaces as critical points of R and W n 2 has been established in [12] . The behaviour of irreducible symmetric spaces of higher rank as critical points of R is not completely understood, but some unstable critical points of the functional R n 2 have been pointed out in [3] . Theorem 5 implies that if the first eigenvalue of the laplacian of a hyperbolic manifold H n is sufficiently small and n > 5 then its product with S n is unstable for R.
Preliminaries
In this section, we set the notations and recall a few definitions (see [1] for details) to be followed throughout this paper. Let (M n , g) be a closed Riemannian manifold of dimension n (n ≥ 4). We will denote the full curvature tensor, Ricci curvature, scalar curvature and Weyl curvature of (M, g) by R, r, s and W respectively. (, ) , , will respectively denote the point-wise and global inner products induced by g on tensors and |.|, . will be the corresponding norms. Consider an orthonormal basis
(1)Ř is a symmetric 2-tensor defined by R(x, y) = i,j,k R(x, e i , e j , e k )R(y, e i , e j , e k ).
(2) The self-adjoint operator
R(e i , x, e j , y)h(e i , e j ).
Let D be the Riemannian connection on (M, g) and D * its formal adjoint. Two first order differential operators on symmetric two tensors of M are described below.
(1) The divergence operator δ g :
δ * g and δ D will denote the formal adjoints of δ * g and d D respectively.
) is said to be a transverse traceless tensor (or a TT-tensor) if δ g (h) = 0 and tr(h) = 0.
For h ∈ S 2 (M ), some second order differential operators on S 2 M are given by
is the exterior derivative and δ its formal adjoint. The Böchner-Weitzenböck formula for differential 1-forms says that if α ∈ Ω 1 (M ), then
We conclude this section by describing the first variation of certain geometric quantities. Given a oneparameter family g(t) of Riemannian metrics with g
where ∆ denotes the Laplace Beltrami operator (or equivalently the Hodge-Laplacian) on C ∞ (M ) given by ∆f = −trDdf = δdf .
3. First variational formulae for tensor fields associated to gradients of R, Ric, S and W at products of Einstein manifolds
Given a closed manifold M of dimension n ≥ 4, gradients of the functionals R, Ric, and S restricted to the space of Riemannian metrics with constant volume on M , are given below (see [1] for details).
Consequently,
We now describe two families of symmetric two tensors on a manifold (M n1+n2 , g) (n 1 + n 2 ≥ 4) which is the product of closed Einstein manifolds (M n1 1 , g 1 ) and (M n2 2 , g 2 ) with respective Einstein constants λ 1 and λ 2 .
With an abuse of notation we will henceforth identify π * i (α i ) ∈ Ω 1 (M ) (where π i : M → M i denotes the canonical projection map) with α i for each
2 (M ) survives only on mixed two planes. Clearly, h is a TT-tensor on M as tr g (h) = 0 and δ g (h) = 0 (δ g (h) = δ g1 (α 1 )α 2 + δ g2 (α 2 )α 1 ). We can further assume without loss of generality that α i = 1 for i = 1, 2.
Next, consider f g i ∈ S 2 (M ) where f ∈ C ∞ M i+1 with Mi+1 f = 0 (where i = 1, 2; and the indices are taken modulo 3). Then δ g (f g i ) = 0, T r g (f g i ) = M tr g (f g i ) = 0 and the following identities hold
In the following four lemmas, we compute the first variation of each term appearing in the gradient of previously mentioned functionals, along the directions of symmetric two tensors of type α 1 ⊙ α 2 and f g i as above.
Hence,
An analogous result follows for h = f g 2 where f ∈ C ∞ M 1 with M1 f = 0.
Using skew-symmetry of each α i , one observes that
Also, Böchner-Weitzenböck formula for 1-forms implies that
Putting α i = 1 for each i, and combining all the expressions above, the result follows.
Lemma 2.
Proof. Since the Ricci tensor is parallel, one has
Therefore,
A similar result follows for h = f g 2 where f ∈ C ∞ M 1 with M1 f = 0.
• For h = α 1 ⊙ α 2 as in Lemma 1,
Also, in this case,
Using a similar argument as in Lemma 1 this becomes
Putting α i = 1 (i = 1, 2), combining the expressions above, and using Böchner-Weitzenböck formula for 1-forms, we obtain the desired result.
Lemma 3.
Proof. In local coordinates r • r can be described as (r • r) pq = g ij r pi r qj . Differentiating with respect to t yields
• For h = f g 1 (as in Lemmas 1 and 2), this implies
A similar result follows for h = f g 2 (as in Lemmas 1 and 2).
The result now follows from Böchner-Weitzenböck formula for 1-forms. 
where R i denotes the curvature of (M i , g i ) (for i = 1, 2); and α 1 ⊙ α 2 , f g i are as in Lemmas 1, 2 and 3.
Proof. Let g(t) be a one parameter family of metrics for t ∈ (−ǫ, ǫ) with g(0) = g. Consider an orthonormal frame with respect to g and fix it.
Differentiating each terms and using
y,w h(x, z) and using symmetries of R and h, one obtains (in Einstein summation convention)
Also,
The Ricci-identity for 1-forms implies for each k = 1, 2,
Using δ(α k ) = 0 (k = 1, 2), and putting r 1 = n − 1, r 2 = −(m − 1) one obtains
Finally, putting α 1 = 1 = α 2 , and using Böchner-Wietzenböck formula, the result follows.
Second variations of Ric
Let (M, g) be the product of two closed Einstein manifolds (M n1
M denote the first three components of the above decomposition respectively. Then
4.1. Transverse-traceless variations : From the above decomposition it is easy to see that if h is a TT-tensor on
The last component is spanned by the parallel tensor n 2 g 1 − n 1 g 2 . 
Using Riemannian product structure we see that H restricted to S In this case, let λ 1 − λ 2 = λ > 0 and µ denote the first eigenvalue of ∆ on 1-forms of (M 1 , g 1 ). Since D * Dα, α > 0 for any non-constant α ∈ Ω 1 (M 1 ), it follows from Böchner-Weitzenböck formula for 1-forms that µ > λ. Now using Lemmas 1, 2 and 3 we have
Setting α 1 = c 1 α 11 + ... + c k α 1k + ... where c i is a constant and α 1i an eigenform of ∆ on (M 1 , g 1 ) i.e. ∆α 1i = µ 1i α 1i and α 1i = 1, for each i = 1, ..., k; and assuming further that α 1i , α 1j = 0 for i = j, i, j = 1, ..., k, .... we obtain (c . Since p(x) = 0 has no real root and p(0) > 0, the result follows immediately.
Conformal Variations:
In this section we study the behaviour of H on 
Proof. Note that in this case,
Note that in local coordinates |r| 2 can be written as |r| 2 = r ij r kl g ik g jl . Differentiating with respect to t, this yields
Also, since s is a constant and g, h = 0, one obtains (∆s)
Now the result follows combining Lemmas 1, 2, 3 and the above expressions.
Proof of Theorem 1 :
is sufficient to study H on variations of type (f 1 g 1 + f 2 g 2 ) where f 1 , f 2 are functions on M 1 or M 2 . We also notice that H(f 1 g 1 , f 2 g 2 ) = 0. Since each (M i , g i ) is stable for Ric there exist positive constant C 1 and C 2 such that for i = 1, 2 Proof of Theorem 2 follows from Theorems 6 and 1.
Examples: Some known examples of stable critical metrics of Ric are quotients of S n (n ≥ 3), the complex projective space CP m , m ≥ 2, compact hyperbolic manifolds H n with dimensions 3, 4, and compact hyperbolic manifolds H n (n > 4) with first eigenvalue µ > 2(n−1)(n−4) n (see [7] ). As a direct consequence of Theorem 2, one observes that the following product manifolds are stable for Ric. 
and
i.e. in particular, if µ 1 > 2(n − 1) and µ 2 > 2(m − 1), then H , where µ is the first eigenvalue of the Laplacian on H m . 
where µ i (i = 1, 2) are as above. Next, consider M = S n × H m where
Although S n and H m both are individually stable for Ric, their product S n × H m is unstable. For existence of hyperbolic manifolds with small eigenvalues we refer to [13] .
Second variations of other quadratic functionals
5.1. Stability of F t : In this section, we consider the Riemannian functional F t and study its stability at products of Einstein manifolds. First, we observe the behaviour of S at such critical points. (
and only if one of the following holds:
(i) λ 1 = −λ 2 > 0, and n 1 = n 2 ;
(ii) λ 1 = λ 2 > 0;
(iii) λ 1 = λ 2 = −λ < 0, and
where
Here µ i denotes the first eigenvalue of Laplacian on (M 1 , g i ) for i = 1, 2, and indices are modulo 3.
Proof.
• In the first case (using Böchner-Weitzenböck formula for 1-forms and putting
Clearly, for λ 1 = λ 2 = λ < 0, (∇S) ′ (h), h > 0 (as ∆α i , α i ≥ 0 for each i). If λ 1 = λ 2 = λ > 0, then following Theorem 6, one obtains that for each i = 1, 2, ∆α i , α i > λ and (∇S)
′ (h), h < 0. This proves (1).
• In the second case, using (similar computations as in Lemma 5),
, if λ 1 = −λ 2 = λ and n i = n;
Thus if λ 1 = −λ 2 = λ and n 1 = n 2 = n, then (∇S)
where µ i denotes the first eigenvalue of the Laplacian on (M i , g i ) (i = 1, 2). Also, for λ 1 = λ 2 = λ > 0, each µ i > λ, and it is easy to see that (∇S)
for each i = 1, 2 (indices are modulo 3). As the roots of the polynomial P s (k, x) are given by
4k , P s (n i , x) > 0 if either of the following holds:
This leads to the immediate cnsequnce.
where µ i is the first eigenvalue of Laplacian on (M i , g i ) and for i = 1, 2 indices are modulo 3.
Next, for F t , we make the following observations. We first consider the transverse-traceless variations of F t .
Lemma 6. Let (M, g) be as in Proposition 1. For h = α 1 ⊙ α 2 as above, there exists C > 0 such that
one of the following conditions holds:
where B(t, n 1 , n 2 ) = 5 + 2t(n 1 + n 2 ) + 4t 2 (n 1 + n 2 ) 2 + 4t(n 1 + n 2 ) − 7 4 and µ i is the first eigenvalue of Laplacian on (M i , g i ) for i = 1, 2.
Proof. Using 5.1 and Theorem 6 it follows that in this case,
For λ 1 = −λ 2 and n 1 = n 2 , the result is immediate by Theorem 6. If
where µ i is as in the hypothesis. Analyzing roots of P f (t, x) = 0, and from Theorem 6 and Proposition 1, it follows that 5.2 is true if and only if one of the following conditions holds:
, and
. • For λ < 0, 5.2 holds if either t > −(4 √ 2 + 2)(n 1 + n 2 ), or if t ≤ −(4 √ 2 + 2)(n 1 + n 2 ), and
In the following result, we study the conformal variations of F t . 
,
(II) λ 1 = λ 2 = λ, and one of the following holds:
where α
with
with D(n, k, t) = (n 4 + 2n
for each i = 1, 2 (indices are modulo 3). µ i denotes the first eigenvalue of Laplacian on (M i , g i ).
Proof. In this case, , then a = 0, and
for all t and n ≥ 3. Thus p i (t, x) has two distinct real roots given by
Consider the polynomialp ± (n, k, t, x) =ãx 2 +b ± x +c wherẽ
Then (∇F t ) ′ (h), h > 0 if and only ifp ± (n i , n i+1 , t, x) > 0, i = 1, 2 (indices taken modulo 3), respectively for x ≥ µi+1 |λ| . Clearly, when t = −(n+1) 4n
,ã = 0 andp ± (n, k, t, x) > 0, only whenb ± > 0 and
. Also, whenã = 0, then it can be checked that the discriminant D ofp ± (n, k, t, x) is always a quadratic polynomial D(n, k, t) = a 1 t 2 + b 1 t+ c 1 in t with distinct real roots t = −b1±
2 − 24nk − 88n + 8k, and c 1 = 9n 2 − 36n + 4. Consequently, for α − < t < α + , one hasp ± (n, k, t, x) > 0
. Combining all these, the result follows.
Since (M, g) as in Lemma 7 is a critical point of F t if and only if |λ i | = λ = 0 for (i = 1, 2) and moreover, n 1 = n 2 , if λ 1 = −λ 2 , we have the following immediate consequence. 
Then there exists C > 0 such that for any TT-tensor h on M ,
Proof. Following Theorem 6, it suffices to assume that
Putting λ 1 = n 1 − 1 and λ 2 = −(n 2 − 1) in Lemmas 1, 2 and 3, one has (∇Ric) ′ (h), h = ∆α 1 2 + ∆α 2 2 + 2 ∆α 1 , α 1 ∆α 2 , α 2 − 4(n 1 − 1)(n 2 − 1) + 4 n 1 + n 2 ((n 1 (n 1 − 1) 2 + n 2 (n 2 − 1) 2 )) − (3n 1 − 2n 2 − 1) ∆α 1 , α 1 − (3n 1 − 2n 2 + 1) ∆α 2 , α 2 .
Next, using Proposition 1, it follows that (∇S) ′ (h), h = 4 n 1 + n 2 (n 1 − n 2 ) 2 (n 1 + n 2 − 1) 2 − 2(n 1 − n 2 )(n 1 + n 2 − 1)( ∆α 1 , α 1 + ∆α 2 , α 2 )
Using Lemmas 1 and 4, one has (∇R) ′ (h), h = 4( ∆α 1 2 + ∆α 2 2 + 2 ∆α 1 , α 1 ∆α 2 , α 2 ) − 8(n 1 − 1)(n 2 − 1) + 8(n 1 + n 2 − 2) +(5(n 2 − n 1 ) − 4) ∆α 1 , α 1 + (5(n 2 − n 1 ) + 4) ∆α 2 , α 2 + 8 n 1 + n 2 (n 1 (n 1 − 1) + n 2 (n 2 − 1))
Combining above equations, one obtains (∇W) ′ (h), h = 4(n 1 + n 2 − 3) n 1 + n 2 − 2 ∆ H α 1 2 + ∆ H α 2 2 + 2 ∆ H α 1 , α 1 ∆ H α 2 , α 2 + 5(n 1 − n 2 ) + 4(n 1 − 2n 2 + 1) n 1 + n 2 − 2 ∆ H α 1 , α 1 + 5(n 2 − n 1 ) + 4(2n 1 − n 2 − 1) n 1 + n 2 − 2 ∆ H α 2 , α 2 + 8(n 2 − n 1 ) 2 (n 1 + n 2 − 1) (n 1 + n 2 )(n 1 + n 2 − 2) + 8(n 1 + n 2 − 2) + 8(n 1 (n 1 − 1) + n 2 (n 2 − 1)) n 1 + n 2 − 8(n 2 − 1)(n 1 − 1)(n 1 + n 2 − 4) n 1 + n 2 − 2 − 16(n 1 (n 1 − 1) 2 + n 2 (n 2 − 1) 2 ) (n 1 + n 2 )(n 1 + n 1 − 2)
Using similar arguments as in Lemma 3, it follows that ∆α 1 , α 1 ≥ 2(n 1 − 1), ∆α 1 2 ≥ 4(n 1 − 1) 2 and the above equation reduces to (∇W) ′ (h), h ≥ 16(n 1 + n 2 − 3)(n 1 − 1) 2 n 1 + n 2 − 2 + 10(n 2 − n 1 )(n 1 − 1) + 8(n 1 − 2n 2 + 1)(n 1 − 1) n 1 + n 2 − 2 (5.3) − 8(n 1 − 1)(n 2 − 1)(n 1 + n 2 − 4) n 1 + n 2 − 2 + 16(n 1 + n 2 − 3)(n 1 − 1) n 1 + n 2 − 2 + 5(n 2 − n 1 ) + 4(2n 1 − n 2 − 1) n 1 + n 2 − 2 ∆ H α 2 , α 2 + 8(n 2 − n 1 ) 2 (n 1 + n 2 − 1) (n 1 + n 2 )(n 1 + n 2 − 2) + 8(n 1 + n 2 − 2) + 8(n 1 (n 1 − 1) + n 2 (n 2 − 1)) n 1 + n 2 − 16(n 1 (n 1 − 1) 2 + n 2 (n 2 − 1) 2 ) (n 1 + n 2 )(n 1 + n 2 − 2) Setting either of m and n equal to 1, it is easy to see from the above inequality that (∇W)
′ (h), h > 0.
When both n 1 , n 2 ≥ 3, then (∇W) ′ (h), h > (6(n 1 + n 2 ) − 20)(n 1 − 1) 2 n 1 + n 2 − 2 + 2(n 2 − 1)(n 1 − 1) + 1 n 1 + n 2 − 2 (n 1 (11n 1 − 6) + 16(n 1 − 1)(n 2 − 3) + n 2 (5n 2 − 14)) ∆ H α 2 , α 2 > 0.
Hence the result follows.
This leads us to the following result. , the result follows from Corollary 6 and Lemma 8. 
